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l. Introduction

In a previous article (B8), the subject of diffusion-controlled phase change,
subject to two provisos, was reviewed in some detail. These constraints were
the following: (1) the motion must be induced solely by the phase change;
and (2) the diffusion and pressure equations must be, within a negligible
error, uncoupled. The latter restriction implies that forces and accelerations
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need not be considered in formulating the differential equation or the bound-
ary conditions for the diffusion problem. In theory, at least, this latter restric-
tion is not applicable to rapid vaporization processes. In particular, the
study of diffusive bubble growth processes, with which this article is concerned,
adds an extra dimension of complexity over those situations studied hereto-
fore. It is not only necessary to conmsider the convective motion, resulting
from the large change in density upon vaporization, in the diffusion equation,
but also separately to consider the equation of motion, since inertial, surface
tension, and viscous effects may be appreciable. In practice, however, diffusion
effects control in the late, or asymptotic, stage of bubble growth, and most
theoretical effort to date has centered upon an understanding of this simpler
case. Fortunately, the asymptotic solutions are applicable, with small error,
during most of the lifetime of the visible bubble, so that principal interest
for process application centers upon them. These theories will, therefore, be
reviewed in some detail, since they represent important specializations of the
general theory of diffusion-limited phase change.

Nevertheless, although bubble formation and growth play an important
role in the mechanics of boiling heat transfer, solid-liquid reactions with gas
evolution (including electrolysis), cavitation (with its associated degradation
of propulsion and pumping characteristics), and effervescence (precipitation
of gas bubbles from a supersaturated solution), present applications of bubble
dynamics theory are quite limited. The theory deals with the spherically
symmetric growth of a single bubble in a large body of liquid at rest at infinity.
In actual practice, bubbles nearly always originate as microscopic bits of gas
or vapor entrapped in small crevices on a solid surface. Often the solid
surface is large in extent compared to the bubble diameter, so that departure
from spherical (or hemispherical) flow symmetry is frequently significant.
Turbulence, bubble interaction, bubble coalescence, and translational velocity
of the fluid with respect to the bubble are other complicating factors. It is
necessary, therefore, to consider phenomenological theories for various
aspects of bubble behavior; since these are less well founded in experiment,
while a priori error estimates cannot be obtained, these will be only briefly
reviewed.

Not only is theoretical analysis in this field difficult, but also experimental
measurements of the velocity and temperature fields surrounding a bubble are
at the limit of present capabilities, because of the small length and time scales
involved. This lack of information, together with the uncertainty introduced
by the presence of the solid wall, make comparison of theory with experiment
difficult. The status of experimental information on bubble growth rates is,
therefore, briefly reviewed. Finally, a number of special topics, including
bubble nucleation, are touched upon. Some general comments conclude the

review.



DIFFUSION-CONTROLLED BUBBLE GROWTH 3

Several recent applications hinge strongly on diffusion-controlled bubble
dynamics. The self-regulating properties of water- or organic-moderated
nuclear reactors depend upon a reduction in reactivity in the course of a
power excursion. A portion of this reduction can be attributed to expansion
of the moderator as a result of void formation. It is doubtful, however, that
single-bubble growth theory can be meaningfully applied to the expulsion of
moderator from heterogeneous reactors, since coalescence of bubbles to form
a continuous vapor film on the hot fuel surfaces occurs rapidly. On the other
hand, shutdown of the KEWB reactor, which is an experimental aqueous
homogeneous reactor, during power transients is attributed to the formation
of numerous radiolytic gas bubbles throughout the liquid (B26). An interesting
recent application, connected with a dry photographic process, is the forma-
tion of minute gas bubbles in molten plastic as the result of decomposition
of a diazo compound (B14). A major difficulty, even in these applications, is
not so much an estimate of the growth rate of any particular bubble as it is
an estimate of the rate of nucleation of new bubbles per unit volume. The
theory of bubble nucleation is still not well understood, but it seems very
likely that heterogeneous nucleation (from gas or vapor entrapped in crevices
on solid surfaces) dominates over homogeneous nucleation (from statistical
density fluctuations) (B2, B3, F2). This means that the nucleation character-
istics, even in the absence of macroscopic solid surfaces, depend upon the
suspended particle population; a systematic study of this relationship is not
yet available.

The subject of diffusion-controlled bubble growth is, of course, a rather
small part of the large subject of bubble dynamics, whose scope is too broad
to be included in this review. Specifically excluded are cavitation bubbles,
whose collapse is inertia rather than diffusion controlled, the formation and
detachment of bubbles from orifices, oscillations of bubbles in a pressure
field, and the challenging subject of the mechanism of nucleate boiling heat
transfer, in which bubble formation and detachment must certainly play a
dominant role.

Il. Spherically Symmetric Bubble Growth

A. FORMULATION OF THE PROBLEM

Consider the growth of a small vapor or gas bubble, far from any other
body, initially in equilibrium with a large volume of stationary liquid, as a
result of a small displacement from equilibrium. The bubble maintains a
spherical shape because of surface tension, and the liquid motion is purely
radial. Note that this does not imply that the temperature or concentration
field is likewise spherically symmetric. The governing equations and boundary
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and initial conditions for bubble growth have been discussed by a number of
authors (P6, P7, 83, S11, S13a).

Upon integrating the continuity equation for the laminar, purely radial
flow of an incompressible fluid, the liquid velocity u is found to be

url=F(t), u=ur1?, r>R(@) (1)

where #(¢) is a function of time to be determined in this case from the condi-
tions at the bubble surface R = R(#). A mass balance on the bubble requires
that

& @nR%) = 4xR*p[R ~ u(R, 1) @

where the dot denotes time differentiation and primed quantities refer to the
vapor properties. The bracketed term on the right is the net velocity normal
to the bubble surface, expressing the fact that the liquid at the bubble wall
has a velocity slightly different from that of the wall. On the left-hand side
the vapor density varies relatively slowly compared to the bubble volume,
which usually increases by several orders of magnitude. Hence, it is satis-
factory to consider a time-averaged vapor density {p') whereupon Egs. (1)
and (2) give

@

u(R, t) = R, e=1
p

©)

u(r, t) = eRR*r™ 2

By integrating the stress equation for the radial motion of an incompress-
ible Newtonian fluid from the bubble wall to infinity, the equation of motion
for the bubble wall was obtained by Scriven (83), upon using Eq. (3), in the
form

- 8\ PR ~pP, , R
RR+(2 2)R T @

where p,, and p(R) are the pressures far from the bubble and at the bubble

wall, and v is the liquid kinematic viscosity. The pressure p(R) is related to
the pressure within the bubble p, by'

20
p=pR) + ©

! In some cases the dynamic surface tension may exceed the equilibrium value. Scriven
(S4) shows that for a Newtonian surface viscosity model an extra term equal to 4« R/R?
should be added to the right-hand side of Eq. (5), where « is the effective surface-dilational
viscosity.
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It is now assumed that the contents of the bubble are at all times in equilibrium
with the liquid at the bubble wall.> Plesset and Zwick (P6) show that the
average bubble wall velocity (of the order of 10 cm/sec for a steam bubble at
atmospheric pressure with 10°C superheat) is much less than the acoustic
velocity in either liquid or vapor, so that compressibility effects can be
neglected. Also, the velocity of the bubble wall is considerably less than the
average velocity with which evaporating molecules stream away from the
surface, given in terms of the absolute evaporation rate as y(R,T/2nM)'/?,
where 7y is an accommodation coefficient. The critical velocity for a water
surface at 100°C is about 8 m/sec, which is appreciably higher than the mean
bubble wall velocity, so that the departure from the equilibrium vapor pres-
sure is negligibly small. For organic liquids, whose accommodation coeffi-
cients are thought to be higher than those of water (W4), this neglect is even
better justified. Finally, because of the relatively large thermal diffusivity of
the vapor, temperature gradients within the bubble may be neglected under
most circumstances. In water vapor at atmospheric pressure the characteristic
diffusion length (2¢'t)!/? is 0.24 cm for ¢ = 0.01 sec, at which time the bubble
radius for 10°C superheat is about 0.1 cm. For all but the fastest-growing
vapor bubbles, therefore, the assumption of thermodynamic equilibrium be-
tween the vapor and the bubble wall liquid is justified, and

Py =P, + Dy ©

where p, is the inert gas partial pressure and p, is the vapor pressure of the
liquid at the bubble wall. The equations of motion finally become

R) — — P, — 26/R " . R
p(R) pou=pv+py P af =RR+(2—£)R2+4V— @)
gp Ep 2 R

Normally the viscous term is negligibly small (Z5), and & ~ 1. In this case
the equation reduces to the extension of the potential flow (Rayleigh) equation
(L4), given by Plesset (P3), taking surface tension into account.

The energy equation, assuming spherical symmetry, constant thermal
properties, and negligible viscous dissipation, becomes

6T_a(62T 26T) ¢RR*OT = 0
== el

ot 7 or

— 8

r* or  pc, ®
where Q, the volume rate of heat release, may be a function of both space and
time. Similarly, in a multicomponent mixture, assuming constant mass density
and diffusivity, a mass diffusion equation for one of the components (taken

2 This is not true in the final stages of collapse of cavitation bubbles, which are not
diffusion limited.
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to be the more volatile component in a two-component mixture) is

oC #c, 20C RR? 6C
A (.__i A)__'S_Z_G_4+Q' )
ot re  or

or* r or

where Q' represents the instantaneous local rate of concentration increase
due to the presence of distributed mass sources. For ¢ <0, the bubble
is in equilibrium with the surrounding liquid, so that

RO = —2 45, (10)

Pvo + pg — Pw

where 8, represents a small displacement from the equilibrium bubble radius
(S3). Alternatively, the initial displacement from equilibrium may be con-
sidered to be caused by a weak volume heat source (P7). The asymptotic
growth rate is not affected by the details of the initial displacement, providing
that it is small. What is affected is the waiting time for the surface tension and
inertial effects to be relaxed. The initial temperature and concentration are
specified functions of position:

T(r, 0) = g(r) 11)
C4(r, 0) = h(r) (12)
where r is the radius vector. Equating the rate of increase of the mass of the

more volatile component A4 in the bubble to the convective and diffusive flux
across the bubble surface gives

0C4R, 1)

d .
— 'R) = — t
T (P’ R)=(1 —e)RC(R, )+ 2 o

(13
where y 4 is the mass fraction of 4 in the vapor. Similarly, the heat balance
at the bubble wall, neglecting small terms, requires that

0T(R, 1)

d _
—(p'RL)=k
or

dt

(14)

where L represents the average heat of vaporization per unit mass of volatile
material in the bubble, evaluated at the bubble wall temperature. Finally, the
specification of a boundedness condition at infinity and the requirement that
the bubble contents be at all times in equilibrium with the liquid at the bubble
wall complete the statement of the problem. Note that the equilibrium
requirement implies the absence of concentration and temperature gradients
within the bubble at all times, and the uniformity of concentration and
temperature, at any instant, over the entire bubble surface. This requirement
applies even when the initial temperature and concentration fields in the
liquid are not spherically symmetric.
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When put into dimensionless form, the full problem involves eight or
more dimensionless parameters, whose magnitude must be examined for any
particular problem before deciding which terms can be safely neglected. This
question is discussed in detail by Langlois (L5) with reference to isothermal
gas bubble growth. For example, the effect of inert (nondiffusant) gas in the
initial bubble is neglected hereafter; however, in the early stages of bubble
growth it plays a significant role, as discussed by Dergarabedian (D2, D3),
Ma and Wang (M1), and Lienhard (L7). The complete set of equations is
obviously quite formidable, and it is instructive to consider first the simplest
case. This involves a single diffusant from an initially uniform liquid.

B. AsyMPTOTIC GROWTH OF A VAPOR BUBBLE IN AN INITIALLY UNIFORMLY
SUPERHEATED ONE-COMPONENT LIQUID

1. Self-Similar (Exact) Solutions

During the asymptotic growth stage, viscous and inertial effects are
negligible. Likewise, the partial pressure of the small inert gas residue becomes
negligible compared to the vapor partial pressure within the bubble. Hence,
the equation of motion (4) reduces to the statement that the bubble is in
mechanical equilibrium with its surroundings, and, to an excellent degree of
approximation, the internal bubble pressure is equal to the ambient pressure.
The growth is then strictly diffusion controlled, so that the solution developed
by Kirkaldy (K4) for spherically symmetric phase growth where a deusity
change is involved is applicable.® The difficulty is that it is necessary to extend
the asymptotic stage all the way back to zero radius, which does not agree
with the physical facts. The bubble actually begins at some finite, nonzero
radius; and the inertial and surface tension terms are appreciable during the
early stage of bubble growth. The exact solution, therefore, deals with an
associated problem, which it is hoped closely approximates asymptotically
the solution of the complete problem. The approximation error can only be
determined by other methods.

In 1958, Kirkaldy (K4) published a self-similar solution for the growth,
limited by the diffusion of heat or mass, of slabs, cylinders, or spheres of
initially negligible size from a large body of surrounding quiescent fluid of

3 This paper has been generally overlooked by workers in the bubble dynamics field
largely because Kirkaldy was concerned with exact solutions for the growth of ice particles,
and was, in fact, principally concerned with establishing the validity of the quasi-steady
approximation in this problem. However, his solution is correct for spherical symmetry
in one, two, or three dimensions, with convection induced by the phase change, and hence
would be applicable to the growth of plane or cylindrical bubbles, as well as spherical
bubbles. A summary of this analysis is given in (B8).
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initially uniform concentration or temperature, where the densities of the
two phases are constant but not necessarily equal. Nearly simultaneously,
Birkhoff, Margulies, and Horning (B19) published the same solution for a
growing vapor or gas bubble, and explored in some detail the nature of the
solution. In 1959, Scriven (S3, S4) rederived this solution and extended it to
two-component systems. Specializing Kirkaldy’s results (B8) to the case of a
bubble growing from zero radius in an initially superheated liquid containing
no heat sources, the temperature distribution in the liquid is

=20 T.-T.

(15)

where T and T, are the saturation temperature and the temperature far from
the bubble, and where the growth function for spherical symmetry in three
dimensions is

Oy(n) = sz‘z exp(“zli36 - ZZZ) dz (16)

Here # is the Boltzmann (B21) transformation variable r/(at)'/2. To evaluate
the growth constant f, where R =B(ar)'/2, use is made of the heat balance
at the bubble wall, Eq. (14), where, from Eq. (15),

TR _(T,-TIO/E ., . _do
o @ POy f) ®;'(n) = (17)

o,
dn
Hence f is the real root of

Ny _pefTo=T) __ B _
B~ BL 20,()

KB (18)

where Nj, termed by Savic (S1) the Jakob number, may be thought of as a
dimensionless driving force for bubble growth. Birkhoff, Margulies, and Horn-
ing (B19) present plots of the temperature distribution [Eq. (15)] (Fig. 1), as
well as the growth function y (Fig. 2). It is seen that 8> 5 corresponds
approximately to N; > 2.5, giving a rough criterion for the validity of the
zero-order thin thermal boundary layer assumption, to be discussed in detail
later. In particular, it is shown that (B19) for e =0

. N 1/2
7= (0 ®
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F1c. 2. x(B) and x(1/B) vs B, for 0 < B < 1 (B19).

which implies
12\1/2
R= (;—) N (ar)t/? (20)

a result identical with the leading term of the Plesset~Zwick (P7; also B7)
solutions for the asymptotic growth phase. An analogous treatment is given
for the isothermal growth of a gas bubble from a uniformly supersaturated
solution, for which the parameter corresponding to the Jakob number is
Ny =(C, —Cy|C,. For water saturated with N, at 20°C and heated
suddenly to just below the boiling point, N;" = 0.021, so that the growth rate
is slow (B19). For § small, Eq. (18) gives § = (2N,)"/%,* as noted previously
by Kirkaldy.

4 There is a misprint in Eq. (26) of this reference at this point.
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Birkhoff ef al. then discuss the validity of neglecting the inertial terms in
the equation of motion, Eq. (4), and conclude that it is justified if

p 1/2
R> Za[ } 21)

b (
For water boiling at 1 atm with a superheat of 1°C, the right-hand side of
Eq. (21) has the value 10> c¢m, and for 10°C, 10™3 cm. Hence, the inertial
terms are generally negligible in the visible bubble range, which justifies
focusing attention on the asymptotic phase of bubble growth.

2. Approximate Solutions

The requirements for a self-similar solution of the bubble growth problem
to exist are quite restrictive. In particular, the bubble must begin its growth
at zero radius; inertial, viscous, and surface tension terms must be neglected
at all times; and the initial temperature and/or concentration distribution in
the liquid must be uniform. Actually, the bubble begins its growth at a small
nonzero radius. In the early growth phase, which determines the waiting time
between bubbles, or in the growth of bubbles in highly viscous polymeric
media, neglect of inertial, surface tension, and viscous effects is not allowable.
Further, vapor bubbles originating at a hot surface, as in nucleate boiling,
grow in an environment where the temperature gradients are initially quite
large, so that the assumption of uniform initial temperature cannot, in general,
be made. Exact solutions of the complete equations cannot be found, so that
approximate solutions of greater generality than the self-similar solution are
of considerable value.

One of the earliest simplifications to be applied to the problem of the
growth of diffusion-controlled vapor bubbles was the notion of a thin thermal
boundary layer. This arises from the fact that at moderate pressures the
volume of liquid surrounding the bubble cooled by vaporization is small
compared to the volume of the bubble, in view of the large liquid to vapor
density ratio. Bosnjakovic (B22) defined an effective heat transfer coefficient
to the bubble, which can be estimated from a plane approximation, ignoring
the effects of curvature and of stretching on the heat transfer through the
boundary layer. In 1954, two different improvements of the plane approxi-
mation were published simultaneously: (/) a perturbation procedure by
Plesset and Zwick (P7), based upon a Lagrangian formulation of the equations
of motion and of heat diffusion; and (2) a more intuitive, although somewhat
simpler, approach by Forster and Zuber (F5), based upon the notion that the
moving bubble wall is equivalent to a distributed spherical heat sink expand-
ing through a stationary medium. We begin with the Plesset-Zwick solution
and its subsequent extensions, and then treat the Forster-Zuber solution and
its extensions.
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a. Plesset-Zwick Perturbation Solution. Plesset and Zwick (P6), as a
preliminary to a consideration of the vapor bubble growth problem, presented
a solution in successive approximations for the heat diffusion across a spheri-
cal boundary with radial motion. The approximations were based upon the
notion that a thin thermal boundary layer, in which essentially all the tempera-
ture variation occurs, surrounds the bubble wall. Taking ¢ =1, Eq. (8)
becomes

8T+R2R6T_ (52T+26T) @)
a T o \ar Tror

assuming the absence of volume heat sources.
A transformation is now introduced to the new variables

=] R dr (23)

U= "T(m, tydm' + K@), T,=T-T, 24)
0

m = 4[r’ — R3] (25)

Here m is proportional to the volume of a spherical shell of liquid between the
bubble wall and the radial position coordinate r, and hence, represents a
Lagrangian coordinate, providing that a negligible volume of liquid is
vaporized. U is therefore a measure of the heat content of the spherical shell,
to within an arbitrary additive function of time, K(z); alternatively, it may be
viewed as a temperature potential function. In terms of the new coordinates
the diffusion equation becomes

—27———=0 (26)
where the arbitrary additive function of time has been chosen to make the

right-hand side zero, and U(m, 0) = 0. The boundary condition at infinity is

oU(@, D) _ o
am
At the bubble wall one has

02U, O _1__(3T(R)
om? R?* or

= F(0) (28)

a function of time to be determined from a heat balance on the bubble.
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Noting that

T 3m\4/3 4m m\?
ri=(1+3) =‘+“R“3+2(F) — (29)

for (3m/R%) < 1, and, letting U = U, + U, + -+, Eq. (26) can be written

dm 2m? U+ U+ ) 18Ug+Uy+ )
(”F*F“'") e A
The zero-order approximation is then given by
U, 10U,
——— v Stmee. 2220 3
subject to the initial and boundary conditions
Uy0,0) U0,
Ug(m, 0) = =52= = 0; L322 = F() (32

The solution to this linear boundary value problem is obtained by Laplace
transformation, yielding for the zero-order estimate of the bubble wall
temperature

a)1/2 J-'Rz(x)(aT/ﬁr),zmx) i (33)

T5(0,) — T, = — (—' . { f;R“(z) dz}l/z

n

Note that the effect of a spatially uniform heat source can be added directly
to this expression. If the variations in R(¢) are sufficiently small, Eq. (33)
simplifies to

12 2 (3T|or),-
“) (T r)r—R(x) dx (34)

To(0,0) = Ty, = — |-
0( ) © (7! o (t . x)1/2
corresponding to the plane approximation obtained by neglecting the curva-
ture of the boundary.

The first-order correction, from Eq. (30), satisfies

om?  a o R?® om? (395)

where the inhomogeneous term on the right-hand side may be treated as a
known function. The initial and boundary conditions are homogeneous:

0U(®,0) _ U0, _

U,(m,0) =
(m, 0) P =0 (36)
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This correction term is obtained as a convolution integral, and bounds ob-
tained by the mean-value theorem.

Plesset and Zwick (P7) then substitute the zero-order temperature solution
[Eq. (33)] into the equation of motion [Eq. (4)] to obtain the bubble radius
and internal pressure as a function of time. In a sense theirs is still the only
complete solution to the problem of a bubble growing from the critical
(equilibrium) radius. The solution is obtained in several stages, by expansions
for (R/Ry — 1) small and large, and for intermediate values, where R, is the
initial bubble radius (Z6). These solutions are patched together by appropriate
matching conditions to give a solution whose error can be shown to be small
at every stage, provided that the thin thermal boundary layer assumption is
valid. Our present concern, however, is only with the asymptotic stage, which
encompasses the visible range of bubble radii for the usual liquids. The
pressure of the vapor at the bubble wall may be approximated by a linear
function of temperature,

PR = Po_ g1 _ 1) 37

Assuming negligible inert gas pressure in the bubble, ¢ = 1, and negligible
viscous effects, Eq. (7) can be rewritten®

2R12R ;t RR) = AT - T.) + szo (1 - %2) (382)
where, from Eqs. (10) and (37),
20/pRo = A(T,, — T (38b)
In terms of the variables
R* = R3/R,? (392)
= f—(} | ;R"’(t’) dr (39b)
K, = (20/pR>)!/? (39¢)

this equation becomes

1 ' R¥(z) dz
o dc* (R*7/3R*2) =1- R*”s f @ )1/2 , (40)
where
. dR* ALp’ ( o \V2
P — = | — 41
R ac*’ Ka 3kRoK, nKl) (1)

$ Eq. (15) of the reference has a misprint at this point.
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For R » R,, the solution is obtained by taking the solution to be of the
form

R**) =1, 0<{* < 4™ (42a)

2
RY((M) ~ E(C* =M

" b, bs be In({* —Co*)}’

T Ty T T —n
C*>C1* (42b)

where {,* represents a delay time determined by the requirement from Eq.
(42a) that R*({,*) =1, and {,* is available for matching the asymptotic
solution to the preceding phase of bubble growth.

Upon matching coefficients of corresponding powers of ({* — {,*), the
leading terms in the asymptotic solutions are found to be of the form

Rro(2) () s 06

= (2)1/2 M, 1) (a—t)m{l +007 1% (43)

A Lp'
2 2
(T =T~ =22 {1+ 0612 )

The predicted radius-time curves agree well (Fig. 3) with the data of Der-
garabedian (D2, D3) on the asymptotic growth of vapor bubbles in water and
CCl, superheated at atmospheric pressure by radiant energy. Note, in con-
trast to the self-similar solutions, that the bubble radius grows as the square
root of time only to the order of the leading term of the asymptotic expansion.
For the smallest measured radii (~0.01 cm), the error in neglecting the
remaining terms in Eq. (42b) was less than 109. To this error must be
added the error due to neglecting the first-order temperature correction
[Eq. (35)], estimated also to be less than 109%. Both of these errors
decrease rapidly as the bubble continues to grow.

b. Extensions of the Plesset-Zwick Method. (1). Iteration-perturbation
method. In the Plesset-Zwick analysis the boundary condition for the heat
diffusion problem is obtained by equating the heat conducted from the liquid
to the increase in enthalpy of the bubble contents, which depends upon the
unknown bubble volume. This leads to an implicit nonlinear integrodiffer-
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ential equation for the bubble radius, so that even the calculation of the first-
order correction poses considerable difficulties. Bankoff and Mikesell (B10)
noted that in the asymptotic stage the bubble wall temperature may be taken,
with small error, to be equal to the saturation temperature at the ambient
pressure. The replacement of the heat flux conditions by the temperature

100 /
4

0.84 o
7
n&
0.68 ADO/A
£ A"‘
€ 052 /
(14 (=]

0.36 /

{A
0.20 —

0.04 /
o] 4 8 12 16

t- to.msec

F1G. 3. Comparison of theoretical radius-time values with three sets of experimental
values obtained (D2) in water superheated to 104.5°C at an external pressure of 1 atm (P7).

condition at the bubble wall was later made part of a consistent approxima-
tion scheme (B7) by introducing a second series of approximations (which
was shown to converge very rapidly) to the bubble pressure, based upon the
notion that the inertial and surface tension terms in the equation of motion
[Eq. (7)] are small. As a preliminary, Eq. (7) can be written in terms of the
variables given by Eqs. (23-25), neglecting the difference between ¢ and unity,
and also the viscous term

cp—p. =20 pr 2 (re R 38‘_15)2
SROV=p— o=+ R 3 (R 5F) 43000 (F7) @9
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Hence, one may employ an iteration scheme which, for the zero-order

perturbation, is

U, 10Uy U, (m, 0)

—F —-—~=0, i=01,..; @(m) (46
om* o o om
dU (oo, U0, ¢ ;
Oa(::—é) =0; ‘—Oa(m ) - 1) - T P’ = Po “7)

Here U,’ refers to the jth approximation to U,; and T,(p’) is the saturation
temperature corresponding to the jth approximation of the pressure within
the bubble. The heat flux condition in Eq. (14) may be integrated to give

, 3k (L 0*U(0,2) , 13
)= | | =27
R(0) [Lp’ fo e dz] (48)
whence Eq. (45) yields
P =g[RIO] + pe 49)

The iteration then proceeds with this new estimate of the pressure within the
bubble.

For water boiling at atmospheric pressure at a superheat of 4.5°C (D2, D3),
for which inertial effects are relatively significant (N, = 12.0) the surface
tension and inertial correction terms are 0.012 and 0.009 atm, respectively, at
the first observable datum point (R = 0.004 cm), and decrease very rapidly
thereafter. In contrast, the ratio of the first- to the zero-order perturbation
for this experiment was 3.7%. Hence, the replacement of the heat flux
boundary condition by a temperature boundary condition is fully justified.
In this way the zero- and first-order terms were obtained exactly, and the
second-order perturbation estimated:

1/2
Vo = Ry® = 6N, (‘%) (50)
4V,
Vy = —~
179N, (D
—'STCVl
Vy s ———— 1
2T 12(N, + 4/9) G2
where
V=R=Vo+V,+ Vy+ - (53)
and

Vi=O(N7), i=0,1,2, - (54)
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The zero-order solution can be readily shown to be identical with that
given by Plesset and Zwick (P7). In accordance with the observations of
Birkhoff, Margulies, and Horning (B19), the perturbation procedure con-
verges rapidly for N, > 2.5.% Some information concerning the variation of
the Jakob number with system pressure can be obtained from the data of
Cichelli and Bonilla (C2), who boiled a number of organic liquids from a
chromium-plated horizontal surface. For these data the excess temperature
of the heating surface at maximum flux (departure from nucleate boiling) has
been related to the reduced pressure by an equation of the form (B6)

Tw - T.'s = 45 10810 pr (55)

where T,, and T, are the wall and saturation temperatures, and p, is the re-
duced pressure. The corresponding variation in the Jakob number with
reduced pressure for two common liquids is shown in Fig. 4. As might be
expected, the inertial correction term becomes entirely negligible at higher
pressures, justifying the termination of the iteration scheme in Eqs. (46-49)
at j =0. At higher pressures, on the other hand, the perturbation series con-
verges slowly, or possibly not at all. The application of this technique to
bubble dynamics with non-isothermal initial conditions and in two-com-
ponent liquids will be discussed later.

(2) Barlow-Langlois solution of bubble growth in a viscous fluid. Barlow
and Langlois (B14) treat, in connection with a proposed dry photographic
process based upon light sensitization of a diazo compound, the isothermal
growth of nitrogen bubbles from a supersaturated, highly viscous, plastic
melt. As a first approximation the fluid is assumed to be Newtonian in
behavior. The equilibrium between the gas concentration within the bubble
and the dissolved gas concentration at the bubble wall is expressed in terms
of Henry’s law: C, = kyC(R, t). The diffusion equation is solved in the
absence of sources of dissolved gas, which implies that the decomposition of

S Professor L. A. Skinner, in a private communication (S13b), makes some interesting
comments, based upon Fig. 2, on the validity of the thin thermal boundary layer assumption.
Approximating the curve by a straight line in the interval 0.2 < 1/8 < @, one obtains

XUB) —x(®) 44

——————-——B o
which, in view of Eqs. (18) and (19), can be written as

B = (12/m)'*N,(1 + 0.4/N,), B>5 or N;>25 (19)
Hence, for N; > 4, the error of the thin boundary layer approximation is less than 10 percent,
while at N; = 2.5 the error is 16 percent. The first two terms of the above perturbation
solution, Egs. (50) and (51), yield, upon inverting to the real time domain,
R(ty= B @an'*;  B'=(12/m)"*N,1 + (4/9)/NJ))

Noting the close comparison with Eq. (19’), Skinner suggests that, in related problems
which do not have exact solutions, the first-order correction will continue to be reasonably
accurate.
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the diazo compound upon heating the plastic is completed prior to the
initiation of bubble growth. A transformation to the Lagrangian coordinates
introduced by Plesset and Zwick gives, upon employing the thin boundary

100 1
Q V\ | I
N

v Ethanol
\ o Water
N

N,, Jakob Number

\ v
N
\
q
ol
ool 0.1 10

R ,Reduced Pressure

FiG. 4. Jakob number of maximum heat flux vs reduced pressure curves for ethanol and
water (B7).

layer assumption (equivalent to truncating the perturbation expansion at the
leading term), for the gas concentration (density) in the bubble

G, _ 1 ji 1 d(R*C)
ky 7 3@ o= dr
which can be compared with the solution for the bubble wall temperature in

the corresponding heat diffusion problem. From Eq. (7), assuming ideal gas
behavior and ¢ = 1, one obtains

d¢’ (56)

M 3 . R 2
Cg=R—T[pm+pRﬁ+§pR2+4,u§+—E] 57

g

Upon combining these equations the difficulty due to the singularity of the
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integrand is avoided by taking the Cauchy principal value (H1, M8). Even-
tually, the integrodifferential equation

1 t R3kH t 1/2
@ 4 " 4 ’
ka,,fo{“”[ 3 (n f"R dt) ]}ch dt

2R03kH t . , 1/2 t . ,
‘__-3(7:9)‘/2[ fOR dt] + fOR v (58)

is obtained, where C, is given by Eq. (57). This is obviously a formidable
equation, which illustrates the complications which arise when employing a
flux boundary condition at the bubble wall in solving the diffusion problem.
A simpler form would be expected if a concentration boundary condition
were used, in a double (perturbation-iteration) approximation series similar
to that given above for the heat diffusion problem. The relation to the
functional equations discussed in (B8), derived by Kolodner (KS), Boley
(B20), and others for the free boundary position should also be noted. In
common with all integral representations, they have the advantage of repre-
senting all features of the solution, so that limiting cases (such as [(R/R;) - 1]
small or large) can be derived from the same expression. Barlow and Langlois
find in this way that the bubble radius initially increases linearly with time in
a viscous melt. For the asymptotic stage where the bubble pressure is essen-
tially equal to the ambient pressure, the self-similar solution of Birkhoff et al.
can be employed. However, since the bubbles are here much smaller
(~1-2 u) than those measured in boiling and the liquid viscosity much
higher (~10% dyn-sec/cm), a direct numerical solution of Eq. (58), neglecting
inertial terms, is necessary over most of the range of interest. The simpler
problem of the growth or collapse of a bubble where viscous and inertial
effects control was previously considered by Poritsky (P8).

¢. Forster-Zuber Moving Source Solutions. Forster and Zuber (F5)
obtained an approximate solution for the heat diffusion problem by consider-
ing the moving bubble wall to be a spherical heat sink in a stationary medium.
This gives the temperature at the bubble wall as

Too_n

Ly ft R(t") R(t)
= pe(m)t/? Jo R(1)(t — )2

{ex [_ M] —exp [~ [R() + R

ot — 1) dai — 1) ]} (39

This is equivalent to replacing the actual problem by an approximating
problem, in which the heat conduction takes place in a stationary liquid,
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followed by a discontinuous motion of the bubble radius from R, to an
appropriate R(¢), where R(¢) is determined by the heat conducted through the
bubble wall. Forster (F4) later expands this notion to a sequence of dis-
continuous motions and stationary heat conduction periods as an approxi-
mating procedure to any moving-boundary diffusion problem. Since the
complete analytical solution must be evaluated at each point in space at each
time interval, this finite-difference procedure may be lengthier than direct
numerical methods.

For the asymptotic stage of bubble growth, the inertial terms of the
equations of motion are neglected, and the integral in Eq. (59) is simplified
by physical arguments and application of the mean-value theorem to give

R R—R,\ N,(nan)?
( ")— s(mat) R>R, (60)

—+1o ,
R, " CB\R R, R,

R, may here be regarded as an arbitrary constant with which to match the
solution to the solution for earlier times. For R » R,, this becomes

BIN;=(@'%, B =Rj()'" (61)

which is 99 higher than the constant, (12/m)!/2, of the Plesset—Zwick
asymptotic solution, Eq. (43). The latter constant is also the limit for large N,
of the exact solution given by Birkhoff et al. The Forster-Zuber theory is
conceptually simpler than the Plesset-Zwick theory and may be perfectly
adequate in many practical problems, although error estimates are difficult to
obtain. The Plesset-Zwick theory has the advantage that the approximations
are based directly upon the governing equations, so that a rigorous error
estimate is available at every stage, and, in principle at least, higher-order
corrections can be obtained.

Yang and Clark (Y1) have applied this source theory to two-component
bubble growth problems, including the case where one of the components is a
noncondensable, nonsoluble gas. An example is helium gas bubbles intro-
duced into liquid oxygen to provide subcooling of the liquid, in order to
prevent pump cavitation in liquid rocket engines. A comparison is made with
the exact theory, showing reasonable agreement.

C. BuBbBLE GROWTH UNDER NONUNIFORM INITIAL CONDITIONS

1. Introduction

In actual practice vapor bubbles almost always originate at solid surfaces,
rather than in the midst of a large body of uniformly superheated liquid.
This introduces a number of additional complications, whose effect in most
cases is still largely unknown. Even for isolated bubbles the spherical shape is
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usually distorted by buoyancy and inertial effects. Nevertheless, for analytical
purposes it is usually assumed that the bubble retains a spherical, hemi-
spherical, or a spherical segmental shape, depending upon the contact angle
between the bubble and the solid surface. Unless this is 90°, the center of
mass of the bubble translates with respect to the liquid, introducing an addi-
tional complication which is normally ignored. Furthermore, a velocity
boundary layer is established around the expanding bubble in the neighbor-
hood of the solid wall, which violates the assumption of the spherical sym-
metry of motion. Exact analysis of these complications has not yet proved
possible. Consequently, three alternatives have been explored: (I) numerical
solutions of the equations of change subject to suitable boundary conditions;
(2) analytical solutions for the growth of a single bubble surrounded by a
liquid of initially nonuniform temperature (where the temperature distribution
is chosen to approximate the as-yet unmeasured temperature distribution in
the liquid surrounding a bubble originating at a heated surface); and (3)
alternatively, more or less heuristic theories, based upon physical arguments,
which attempt to explain the main features of the process. The present
section deals with the first two approaches.

2. Numerical Solutions

Once purely radial motion has been assumed, the solution can be obtained
either numerically or analytically. The numerical solution has the advantage
of permitting the formulation of more realistic initial and boundary conditions
(although what these should be has not yet been experimentally determined).
Griffith (G7) considers the growth of a hemispherical bubble on a heating
surface, with initial radius R, </, the thickness of the thermal boundary
layer near the heating surface. The initial temperature distribution in the
liquid near the wall is assumed to be linear through the thermal boundary
layer, even in the neighborhood of the bubble wall, and constant outside this
boundary layer. A numerical integration of the dimensionless energy and
continuity equations is performed for various values of the parameters N,
and w = (T, — T,)/(T, — T,). Note that the thermal boundary layer next to
the heated wall grows thicker as growth proceeds and that radial temperature
symmetry does not exist. The temperature of the bubble wall 7, is assumed to
be the saturation temperature. The calculations are performed for bubble
growth only. For small Jakob numbers, corresponding to large thermal
boundary layers, the plane approximation is found to be inadequate. Griffith
finds that for N, = 0.35 a significant quantity of heat is transferred from the
surface to the bubble through the liquid, while at higher values of the Jakob
number, corresponding to low pressure, the bubble grows primarily as a
result of vaporization of the initially superheated liquid. A further interesting
result is that for small Jakob numbers the maximum size attained by the
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bubble is proportional to the thickness of the layer of superheated liquid near
the surface, and is independent of N;.

3. Analytical Solutions

a. Savic and Gosnell (S2). Savic and Gosnell used an entirely different
technique from any of those discussed above. Upon taking e =1and Q =0
(no heat source), Eq. (8) becomes

0T RR?*9T o*T

ot + 2 or - L or 62)

where it has been assumed that (1/r)(@T/or) < (6*T/or?). 1t is seen that this
is tantamount to the thin thermal boundary layer assumption. Defining a
new spatial variable by y = r — R, Eq. (62) becomes

o*T . oT 1 T
—+R—|l-———=—

S R G- = @

Note that this is not a Lagrangian transformation, although the bubble wall
is immobilized. The initial temperature function is taken to be a quadratic
polynomial

t=0: T—Ty=Tyo—ary+axy’ (64)

The bubble wall is assumed to be at the saturation temperature corresponding
to the ambient pressure:

t>0, y=0: T=T, (65)
The heat balance at the bubble wall, Eq. (14), may be written

T To-T,,
y=0: —= R
oy aN,

(66)

New independent variables are now introduced into Eq. (63): s =y/R as a
position variable, and R(¢) as a time variable, giving

a T 6T[ 1 ]= oT 67

R o T T arr TR
For uniform temperature fields, RR is nearly constant, in which case the

variables become separable. A perturbation solution is, therefore, attempted
of the form

RR = by + bR + b,R? + --- (68)
T — T, = dg(s) + byRd,(s) + b,R?d,(s) + - (69)
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which, on substitution into Eq. (67) and noting that
l+s—(1+s)2x3s (70)

if s €1, gives eventually a set of confluent hypergeometric equations for the
temperature field close to the bubble wall. In order to make the equations
consistent with the assumed form of the initial temperature distribution, Eq.
(64), it is necessary to consider both “inner” and *‘ outer” boundary layer
solutions, which are patched together at a convenient intermediate point. For
details the reader is referred to the original reference. A comparison is made
(Fig. 5) with the numerical solution of Griffith (G7) for the growth of a hemi-

1.5
w=1
1.0 ~ Savic 8 Gosnell
. avic osnell
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L] w=3
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<1t/82

FiG. 5. Bubble growth curves for various w (S2).

spherical bubble on a heated plane surface, where the initial temperature
decreases linearly through a wall boundary layer, outside of which it is
uniform. In order to make a comparison, the inverse thickness of the super-
heated layer over the surface of the bubble is averaged to give an equivalent
spherically symmetric problem In general, the solutions are in agreement
within 10 percent. The averaging procedure is justified by an extension of the
analysis to axisymmetric temperature distributions. It is also verified, in
agreement with Griffith’s calculations (G7), by computation of the isotherms
when the bubble projects a considerable distance beyond the heating surface
boundary layer, that simultaneous vaporization near the bubble base and
condensation at the crown occur, as postulated by Ellion (E2). Other argu-
ments for the importance of this latent heat transport mechanism, especially
in subcooled boiling, have been presented (B6, B9).

b. Skinner and Bankoff (S12). Bankoff and Mikesell (B10) employed, as
noted, a variant of the Plesset-Zwick perturbation technique to obtain
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bubble growth curves for initial temperatures which were exponential and
ramp functions of the Lagrangian radial coordinate m. More recently,
Skinner and Bankoff (§12) solved the problem for a spherically symmetric,
but otherwise arbitrary, initial temperature distribution in the liquid, f(m),
and explored some features of the solution.

We define a dimensionless temperature by

g(m) = Lf(m) = TJ/Lf(0) - T (71)

and a dimensionless time by

~| =

¢ == [#@a, 2= (72)
where / is a characteristic length to be chosen later, and m is the position
variable defined by Eq. (25). Frequently f(0) = T,,, the initial bubble wall
temperature, is identified, in the absence of other information, with the heater
wall temperature T, . The zero-order solution turns out, for zero initial radius,
to be simply

R6%0) = 3N [ gtom) et (5757 ) dim (73)
This result, combined with the inverse of Eq. (72),
ot Loar
7= lao 9

gives a parametric representation for the bubble curve.

An important conclusion to be drawn from the form of Eq. (73) is that
the nature of the initial temperature distribution some distance away from
the bubble wall is of little consequence, so that no restriction need be made
that the initial temperature variation occur entirely within a thin thermal
boundary layer. For uniform initial superheat the effect of nonzero initial
radius is next examined. Taking / = R(0), a simple modification of the analysis
leads to

Ro*(L) =1+ Ny ({y/m)'* @)

Substituting into Eq. (72), one obtains a cubic equation, whose solution is

4Nfat\Y?  [n 1 4N, Zat\ =32
Ro(t)=2(R2(O)+ - ) cos [—6-+§sm (1+ RJZ(O)) ] (76)

This reduces to the leading term of the Plesset-Zwick asymptotic solution,
Eq. (43), for large time, or for R(0)=0. The displacement between the two
bubble radius expressions when the bubble radius has increased tenfold is



DIFFUSION-CONTROLLED BUBBLE GROWTH 25

less than 29 of the bubble radius. The neglect of the initial radius in the
self-similar solutions of Birkhoff et al. and Scriven is, therefore, justified,
although it should be noted that the effect of neglecting the inertial and sur-
face tension terms has not been considered.

The essential information concerning the behavior of the integral in
Eq. (73) can be obtained from an examination of the solution for the initial
temperature function g(m) = 1 — 2am/n*/?, which may be looked upon as a
truncated Maclaurin expansion of the temperature field. The first perturba-
tion in the bubble volume was calculated exactly:

4 22 n+6 (1 n) nynf2
b ] L DL
VI_R_I___9 3n=l(n+1)(n+3) 2 2 (77)
Vo - R03 - NJ(1 - a(c1)1/2)

where B(p, ¢) is the Beta function. For the uniform superheat case a = 0,
and Eq. (51) is obtained; at the maximum radius it turns out, for @ > 0O, that

Vi 1.7 1

nEN b (78)
and when the bubble has collapsed to three-quarters its maximum size,

Vi 1.5 9

BETNS b (79)

Clearly, as time proceeds, this ratio continues to grow, so that the region of
applicability of the zero-order solution, based on the thin thermal boundary
layer concept, cannot be extended very far into the collapse phase. This is in
accord with the physical facts, since the thermal boundary layer thickness is
monotonically increasing, while the bubble radius is shrinking.

Computations were carried out in detail for an exponential initial tempera-
ture distribution:

T(r’ 0) = Too + (Tw - Too) exp(_ r6/916) (80)

where / may be thought of as an initial thermal boundary layer thickness, and
//R < 1 during most of the bubble life. In this case the bubble growing on a
heated surface may tend to deform rather than pierce the thermal boundary
in which it originates, implying that the temperature gradient near the bubble
wall will be normal to it. On substituting into Egs. (73) and (74), dimensionless
radius-time curves were determined for various values of w = (T, ~ T.)/
(T, — T,) (Figs. 6 and 7).

Finally, the restriction of spherically symmetric initial distributions can
be removed, so that the solution for general initial temperature fields of the
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FiG. 6. Bubble growth curves for various w (S12); w > 1 corresponds to subcooled
boiling, w = 1 to saturated boiling, and w = 0 is the uniform initial superheat case.
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form T(r, 9, ¢, 0) = f(r, 0, ¢) can be found (S11). For this problem the
Laplacian operator on the right-hand side of Eq. (22) is given by

10 0 1 0 0 1 &
2 2 —
\ 2 6r(r 6r)+ 2smeae(smeae) 2sm Ba(p
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while the energy balance at the bubble wall now requires

dR _ "aT(R 0, 0, 1) .
- 4an f f sin 0 dO do (81)

assuming constant vapor density and latent heat in the asymptotic bubble
growth phase. With the introduction of the averaged temperature excess

1 2, AW .
O(r, ) = 1= f ) f [TC.6,0,0) = T]sin 0.0 do (82)
where
2p am
AT = f f [£(0, 8, p) — T.] sin 6 d6 do (83)
o] 0

the differential equation, with associated initial and boundary conditions,
then becomes

0@ dRdto® « 3 ( ,00
T o P (' '57) (84)
o(r, 0) = f [ 1,6, 9)— T sin 0.4 dp A g(r) (85)

dR , 0O(R, 1)
E = (XNJ T (86)
O(R,1) =0 (87
The constant N,” in Eq. (86) is a generalized Jakob number defined by

N/ =k AT|p'La (88)

In this form the parametric solutions, Egs. (73) and (74), for the spherically
symmetric problem can be applied immediately. Physically this implies that a
bubble growing in an initially arbitrary temperature field grows at pre-
cisely the same rate as if the initial temperature were averaged in each thin
spherical shell surrounding the bubble center. Two special cases are considered
in detail: () the linear thermal boundary layer, of thickness /, next to the
heating surface, outside of which the temperature is uniform; and (2) the
exponential boundary layer, where the temperature is assumed to decay
exponentially with distance from the wall. The latter distribution is of the
form

2r cos 0
l

fr,)=T,+ (T, — Tw)exp(— ), 0< 0<nf2 (89)
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It should be noted that in attempting to connect the temperature distribu-
tions given by Egs. (80) and (89) to surface boiling, two separate limiting
cases are being considered. Equation (80) implies that the thermal boundary
layer associated with the hot surface becomes deformed around the bubble
in a manner leading to the approximation of an initially spherically sym-
metric temperature distribution. This picture seems reasonable when the
bubble radius at the start of asymptotic growth is somewhat larger than the
thermal boundary layer thickness. On the other hand, Eq. (89) implies that
the boundary layer thickness is large compared with the initial radius, so that
the temperature field is essentially undisturbed as the bubble enters the
asymptotic stage. The further assumptions are made that the bubble is
hemispherical, thermal coupling between the vapor phase and the boiling
surface is poor, and liquid heating across the surface is sufficiently low to be
negligible over the bubble lifetime. Under these assumptions one has the
equivalent problem of an entire vapor sphere growing in a liquid whose
temperature field is symmetric about the equator plane.

The explicit solution for the exponential thermal boundary, Eq. (89), is
conveniently expressed in parametric form

"3
R(2) = s [1 = 2] %0)
at 2 \1/3 2 zdz
TpT (ETVT) Jo r=avar oD
where
w (_. 1yrt1!

S (n+3)n+ D)

These solutions are shown in Fig. 8, where w = 0 represents uniform initial
superheat. As the subcooling of the bulk liquid increases, a relatively long
period of very slow change in radius is predicted. Similar behavior is fre-
quently noted in boiling from surfaces.

For the linear case,

T,, O<@<cos lr

rcos B rll>1

T,+(T, - T,) - cos tr<O<m2|

f(r,0)= ®3)

rcos 0
1

The solution is somewhat more complicated (and is hence not given here),
but leads to slightly larger bubble volumes (Fig. 9) than the exponential

T, + (T, — Tw)(l - ) rll<1
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boundary of equivalent superheat energy. This is to be expected, in view of the
slightly greater thickness of the equivalent exponential layer. A comparison
is made of the linear boundary solution at N, = 5.3 with Griffith’s numerical
solution of a similar problem (G7), in which the initial condition is given by
Eq. (93), but a boundary condition is imposed of the form I' =T, at 6 = n/2.
Griffith’s growth rates are somewhat larger, since the wall now continues to
transfer heat into the system after bubble growth has commenced (Fig. 10).
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FiG. 10. Comparison between linear boundary solution and Griffith’s numerical solution
(dashed lines) at N, = 5.3 (S11).

c. Dougherty and Rubin (D6). Dougherty and Rubin consider the growth
and collapse of vapor bubbles on a boiling surface by expanding the tempera-
ture field in terms of spherical harmonics, and retaining only the zero-order
term. This is equivalent to averaging the temperature in the tangential
direction. Although inertial terms are dropped, the small variation in vapor
superheat with time, as well as the surface tension and viscous terms, are
retained in arriving at a nonlinear integral equation for the radius of the
vapor bubble. In the asymptotic stages this reduces to

RA(0) = R,%0) + | {K( = 1R, ~ (R — R)] — (t — OR*(0)} ds

2 1 40 1/2
<=2 (2)()
keT, \p /] \n

where R, is the radius of an isothermal vapor bubble whose vapor phase

(94)




DIFFUSION-CONTROLLED BUBBLE GROWTH 31

remained at saturation temperature and pressure throughout the growth and
collapse stages, and ¢, is the time at which asymptotic growth commences.
R, is the bubble radius at the commencement of asymptotic growth and is
given by a separate integral equation. At this point an argument is employed
from the calculus of variations. Noting that the left-hand side of Eq. (94) is
positive semidefinite, the collapse time is argued to correspond to a stationary
point of the functional on the right-hand side. This is incorrectly stated to
lead to a linear Euler equation for R(z),

tR + R —31K()'? =0 95
whereas the correct Euler equation’ is
(t. = OR(H) + R(1) — 3K (t, — )'/* =0 (96)

Upon application of the boundary condition R(z,) = 0 the solution to this
equation blows up.

d. Han and Griffith (H2). For the growth of a single bubble in a liquid of
initially uniform superheat, all theories (including the simple plane approxi-
mation) predict that the radius asymptotically grows as the square root of
time. Furthermore, the range of the predicted growth constants is relatively
small. Noting this, Han and Griffith employ an empirical correction factor
to take into account curvature and stretching of the thermal boundary layer,
using the plane approximation. In addition, an empirical heat transfer
coefficient, chosen to give best agreement with data, is defined for the heat
transfer between the wall and the bubble base. The calculation is now very
simple. A linear temperature profile is assumed initially in some thermal
boundary layer next to the wall and a constant temperature outside of this
region. A simplified model of bubble growth is taken, shown in Fig. 11,
leading to the following equation for bubble growth:

dR _ .0, k 0TQ, 1)  @MT, - T)

@ e, PL ax T ewL ®7

where ¢, is the curvature factor to be discussed below; ¢, = (1 + cos ¢)/2 is
a surface factor which represents the ratio of the surface of the spherical
segment to that of the complete sphere, and ¢, = (sin® p)/4 and ¢, =
[2 + cos @(2 + sin’¢)}/4 are similar base and volume ratios. Here ¢ is the
contact angle, while / is the heat transfer coefficient from heating surface to
steam bubble through its base area. It is important to note the assumption
that the thermal boundary layer around the bubble is the same as that next
to the wall. This implies physically that the bubble picks up the thermal
boundary layer as it grows from a relatively small size, which is a plausible

7 This was pointed out by Professor L. A. Skinner (S13b).
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Fic. 11. Simplified model of bubble growth (H2),

limiting case for N, > 1. However, one would expect, in this case, the bound-
ary layer stretching error to be appreciable. On substituting the semi-infinite
slab solution for the heat flux at the bubble wall one obtains

dR PP k 1 (Tw - Too) S
gk L g T ) ()]

L PR, = T) )

@.p'L
where 6 = (nat,)!/? is the computed thermal boundary layer thickness, and
t,, is the waiting period between bubbles. For a bubble growing in an infinite
fluid of uniform superheat this reduces to

dR @k (T, ~T) _ o (d)“z
t

@ =P Gy " wn
For the exact solution, Eq. (20), for a uniform initial superheat, ¢, = /3,
while the plane approximation, treating the liquid surrounding the bubble as
a semi-infinite slab, gives ¢, =1. It is incorrectly stated then that, for ¢ =0
and 6 < R, the Plesset-Zwick thin thermal boundary layer solution leads to
@, =n/2, whereas, as noted above, it agrees asymptotically with the exact
solution. An empirical curvature factor is then manufactured to account for
all three assumed cases,

=[v3+2a-va][(i- o) (IR, 0] o0y

R+34
where R is the time-average bubble radius. Fairly good agreement is shown

9
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with the measured R(f) of only three bubbles growing in distilled water at
atmospheric pressure. It is evident that this theory, which may be useful for
rough calculations, requires considerable additional experimental verification.

D. Two-COMPONENT LIQUIDS

Van Wijk (V1) and Van Wijk, Vos, and Van Stralen (V3) pointed out that
the temperature difference between a superheated binary liquid mixture and
the dew point of the vapor bubbles which are formed shows a minimum at a
certain low concentration of the more volatile component, and suggested
that the bubble growth rate would also be least at this point. In the case of
methyl ethyl ketone-water mixtures the minimum occurred at 4.1 wt. %
ketone, which coincided with the experimentally observed maximum heat flux.

Scriven (S3), however, was the first to show that a self-similar solution
could be found for a binary mixture of uniform initial temperature and com-
position. Detailed calculations were presented for the ethylene glycol-water
system, shown in Fig. 12. In line with the observations of Van Wijk et al., it
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Fic. 12. Bubble growth in water—ethylene glycol solutions at 1 atm (S3).
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is shown that the growth constant f goes through a minimum at about
0.05 wt fraction of water. This is attributable to the depletion of the volatile
component near the bubble wall, while at the same time the temperature has
been sufficiently depressed so that the volatility of the glycol is relatively low.

A more general two-component bubble growth solution (S13) permits
both the initial temperature and concentration to be arbitrary functions of
the radial distance. The same procedures used to solve the single-component
problem are employed. A general solution is obtained and various limiting
cases examined. For uniform initial conditions the solution is in agreement
with the exact solution under conditions which assure rapid convergence of
the perturbation procedure. An example problem is worked out for exponen-
tial temperature and concentration boundary layers initially surrounding the
bubble. The process is somewhat more complicated than in single-component
calculations since the time-average bubble temperature is not known a priori,
so that an iterative scheme has to be established. By the space-averaging
procedure discussed above it is thought that this technique can be extended
to arbitrary initial temperature and concentration fields, so that this problem
may be considered to be, in principle, solved.

E. Gas BuBBLE GROWTH

For isothermal gas bubble growth at atmospheric pressure, N, is usually
small (Section II,B,1), so that §; = (2N,')V/2. This result is identical with that
obtained by computing the concentration distribution at any instant from
the Laplace equation (quasi-steady state approximation), and determining
the bubble growth rate from the computed concentration gradient at the
bubble wall. Kirkaldy (K4) discusses the conditions under which this simplifi-
cation can be considered; a necessary condition is that the diffusion boundary
layer thickness increase rapidly compared to the bubble radius, which is
implied by small 5. A less drastic simplification entails the neglect of the
convective term, but not the time derivative, in the diffusion equation (quasi-
stationary assumption). Fricke (F8) and Epstein and Plesset (E3) apply this
approximation to the growth or dissolution of gas bubbles, and arrive at
the result

% =gN/ [1— + l] 8 = (n21)!/? (101)
This equation is solved exactly by Epstein and Plesset, and is also extended to
include surface tension effects. Generally, for gas bubble growth, é/R » 1,
corresponding to f < 1, and Eq. (101) reduces to the quasi-steady solution.
This is in agreement with the limiting result obtained from the exact solution
R o«c(2N,/21)2. On the other hand, when a gas bubble begins to dissolve,
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8/R < 1; it is seen from Eq. (101) that, for this limiting case also, R oct™1/2,
However, eventually §/R > 1 for a dissolving bubble, so that the steady-state
solution prevails. For gas bubbles dissolving in water at atmospheric pressure
with R(0) <0.2 mm, Houghton, Ritchie, and Thomson (HS8) find that the
transient term becomes negligible after about 100 sec. After this time the
result reduces to the quasi-steady solution, governed by the Laplace equation,
whose solutions have been extensively studied. For a bubble attached to a wall
with zero contact angle, Liebermann (L6) thus shows that the rate of solution
is reduced by a factor of In 2, leading to the result

29N,'t

1
In2 (102)

RX(1) = R¥(0) —

Manley (M3) extends this result to allow for nonzero contact angle.

Bruijn (B24) employs the quasi-stationary approximation, as discussed in
Bankoff (B8), to the growth of vapor bubbles in superheated binary liquid
mixtures. As noted previously, this neglect of the convective term in the diffu-
sion equation is justified only when N; <1, which is usually not the case in
atmospheric boiling. On the other hand, this technique would be applicable
to isothermal gas bubble growth in three-component systems, where two of
the components are dissolved gases.

Flatt (F3) computes bubble growth rates due to radiolytic gas formation
in a power excursion in a homogeneous reactor. For very small bubbles the
growth is assumed to be quasi-stationary so that the convective term can be
dropped from the diffusion equation. A distributed exponential volume
source is assumed. An integral equation for the radius is then obtained, from
which upper and lower bounds for the radius of the bubble can be deduced.

For isothermal gas bubble growth in liquids of arbitrary initial concentra-
tion distribution, where the boundary layer volume is large compared to the
bubble volume, it is recommended (S12) that a straightforward modification
of the Epstein and Plesset (E3) quasi-stationary technique be employed.

ill. Experimental Bubble Growth Data

A. VAPOR BUBBLES

A classical set of experiments was performed by Dergarabedian (D2, D3)
who irradiated water, carbon tetrachloride and other liquids, and photo-
graphed the asymptotic growth of minute bubbles originating within this
uniformly superheated liquid. The superheat range was 2 to 10°C, and the
pressure atmospheric, corresponding to N,>1. The initial and boundary
conditions corresponded to the theory, so that the results are susceptible of
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relatively unequivocal interpretation. As might be expected, the Plesset-
Zwick theory gives good agreement with these results. The Forster—Zuber
expression, Eq. (60), also gives good agreement with these data, despite
the fact that the growth constant differs by 99,. This arises from the
arbitrary choice of zero time for the asymptotic stage. For a more exact
comparison of theory with experiment, microscopic bubble growth data would
also have to be available. In most industrially important applications, how-
ever, bubbles grow while attached to solid surfaces, and most bubble growth
data have been similarly obtained. Measurements of bubble growth in satu-
rated or slightly subcooled pool boiling have been made by Patten (P1) of
water at subatmospheric pressures from wires, and at atmospheric pressure
by Vos and Van Stralen (V5) and Van Wijk and Van Stralen (V2) of water and
water-methyl ethyl ketone mixtures from wires; by Bankoff and Mikesell
(B11), based upon motion pictures taken by Zmola (Z3), of water from a
horizontal strip; by Strenge, Orell, and Westwater (S16) of pentane and ether
from a flat vertical surface; and by Benjamin and Westwater (B17, B18) of
water-ethylene glycol mixtures from a vertical copper surface with an arti-
ficial nucleation site. None of these experiments permits direct confirmation
of the exact or of the boundary layer theories. The presence of the solid wall
or wire, to an unknown degree, results in a distortion of the purely radial
flow pattern postulated by the theory. More important, no measurements are
available of the temperature (and/or concentration) fields in the liquid
surrounding a bubble entering the asymptotic stage of growth. Without this
information a discussion of the significance of the data and comparison with
theory is necessarily of a heuristic nature. Nevertheless, some general
observations can be made concerning all the data on saturated pool boiling:

1. Bubble growth from flat surfaces is almost always statistical in nature.
This is apparently due to liquid turbulence induced by the wake of departing
bubbles, coalescence with neighboring bubbles, momentary oscillating pres-
sure fields within the fluid, and possible statistical variations in the nucleating
surface. An exception is found in the experiments of Benjamin and West-
water (B17), who employed a 0.004-in. artificial cavity from which it was
possible to produce a single stream of isolated bubbles. To some extent the
same statistical behavior is observed in boiling from wires, although a greater
degree of regularity seems to be present. For both horizontal surfaces and
wires some bubbles were observed to vibrate, both before and after breaking
away from the heating surface.

2. Even when photographed at framing speeds in excess of 5000 frames/
sec, much of the total increment in bubble radius occurs in the first few frames.
After this initial rapid growth period, ¢ ~*/2R(t) usually decreases with time.
The bubble is thus growing during most of its observable lifetime on the
heating surface more slowly than predicted by the uniform superheat theory.
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Perhaps the most extensive investigation is that of Strenge, Orell, and
Westwater (S16), who plotted R(¢) on log-log paper for 86 pentane bubbles
originating from a zinc surface with a superheat of 12°F. Upon fitting the
best straight line to the late asymptotic data, a considerable statistical varia-
tion was observed, the mean exponent being 0.40, with a standard deviation
of 0.04. A number of similar measurements were made at various heat fluxes
and also in ether. Similar results were reported by Benjamin and Westwater
for glycol-water mixtures. Although Scriven’s theory is thus not applicable
to these data, a qualitative confirmation was found of the theoretical pre-
diction that the minimum growth coefficient occurs at about 5 wt- 9} in water—
ethylene glycol mixtures.

Darby (D1) has recently made a photographic study of boiling of water
and Freon 113 from a single nucleation site induced by external infrared
irradiation. Surprisingly enough, the bubble radius was found to vary closely
as t2/3 both before and after breakoff for all recorded runs. The data for both
liquids were correlated by an expression of the form

cok\ /3 p 5/12
R = 1.0443/3(go)!/*? (fz—) (;) (T — T)*323 (103)
where A, is a constant obtained by comparison with the experimental data.
It is not clear why the time exponent is so high, especially since the equipment
is quite similar to that employed by Dergarabedian. One possibility is that
the thermal boundary layer surrounding the bubble received an appreciable
amount of irradiation after the initiation of growth, suggested by the fact
that a continuous stream of bubbles was induced.

B. GaAs BUBBLES

Isothermal gas bubble growth, on the other hand, can be expected to
conform more closely to the assumption of uniform initial conditions, since
here the diffusion boundary layer is relatively thick. Westerheide and West-
water (W2, W3) measured the growth of hydrogen bubbles on a platinum
cathode at constant emf (Fig. 13). The theoretical curves are obtained by
calculating the growth constants in the exact solution which gives best fit with
data. In the late asymptotic stage the faster-growing bubbles deviate sig-
nificantly from this theoretical curve, presumably because the boundary layer
thickness on the cathode is comparable to that of the bubble. It is found that
the quasi-stationary solution, Eq. (101), gives a growth rate which is low by a
factor of 14-219% when the theoretical supersaturation obtained by the
above curve fitting is substituted. This is to be expected in view of the high
modified Jakob numbers (N,’ ~0.4), so that the quasi-stationary assumption
would not be appropriate for such large supersaturations.
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More extensive measurements of the growth of electrolytic bubbles were
obtained by Glas and Westwater (G3), who made a number of interesting
observations which will be reviewed here in some detail. The electrodes used
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Fig. 13. Growth of hydrogen bubbles during electrolysis at constant emf. Run 1:
1N H:804, 1.24 v; Run 2: 0.1N H2S04, 1.23 v; Run 3: 0.1V H2804, 1.47 v (W2).

were 0.127-0.508-mm wires of Pt, Ni, Fe, and Cu; the electrolytic gases were
H,, O,, Cl,, and CO,. Most bubbles (Fig. 14) exhibited excellent straight-
line plots of D vs t*/2, from whose slope the effective supersaturation pressure
can be calculated, based upon the self-similar solution for uniform initial
conditions given by Birkhoff et al. (B19), and by Scriven (S3). Figure 15
shows a plot of the dimensionless driving force, N, /(1 — C,/p)=®, vs the
growth coefficient, § = 2f’, where f’ is the growth coefficient defined by
Scriven. It is seen that, except near the critical pressure, ® is very nearly
equal to N,'. In the same figure is shown the curve numerically computed
by Buehl and Westwater (B25) for a bubble growing tangent to a wall which
is not acting as a source of dissolved gas. At all N, the effect of the wall is to
reduce the growth rate, but at N,” ~ 1, the effect becomes negligible. On the
other hand, for very slow growth f is about 30 percent smaller than in the
absence at the wall.® The supersaturation ratios C,/C, computed in this

8 As N, —0, corresponding to quasi-steady motion, the growth coefficient should be
reduced by a factor of In 2, as in Eq. (102), in agreement with the numerical solution.
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manner were 1.5/19.9 for H,, 1.4/15.4 for O,, 1.1/1.6 for CO,, and 1.02/1.32
for Cl, . Two separate models were proposed to correlate the effect of current
density on B. A ‘“‘steady-state”” model considers the bubble volume (and
hence B3) at any instant after growth initiates, to be proportional to the current
density: p'I"'3 =k,, a constant. An “unsteady-state” model, patterned
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Fia. 15. Theoretical bubble growth constant at 1 atm: Scriven’s values are for an iso-
lated sphere; Buehl’s values are for a sphere tangent to a plane (G3).

after a model proposed by Hsu (H10) for the analogous heat-transfer prob-
lem, computes the boundary layer thickness at the initiation of bubble growth
fromthe observed waiting time #,, between bubbles. From the measured current
density the average supersaturation C,, —C; in the boundary layer can be
computed. Assuming that the bubble grows in a uniform field of this average
supersaturation, the dependence of 8’ on the current density 7 can be com-
puted (Fig. 16). In this figure, k; has been chosen for best fit of the data.
Typical waiting times were 0.02-0.1 sec, and typical boundary layer thick-
nesses, 6, = (n2t,)"?, were of the order of 1 x 1072 cm. The difficulty in
the latter approach now becomes apparent, in that .D/d,,> 1, for nearly all
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the data points, so that the assumption that the bubble grows in a uniformly
supersaturated fluid does not appear to be physically correct.

Another interesting result reported by Glas and Westwater was that
hydrogen bubbles evolving from a polished nickel electrode (Fig. 17) showed
an initially very rapid growth period, <7 x 10™* sec, followed by a late
asymptotic period during which (¢'/?R) was substantially constant. Note that
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Fic. 17. Very rapid early growth in one movie frame followed by normal growth. H2
on four different sites on 0.127 mm Ni cathode in 1.0N H2S804 at 1 atm (G3).
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here [R(r) — R(t,)] increases as the square root of time, where R(z,) is the
radius at the start of the late asymptotic growth, which is considerably
different from the prediction of the self-similar solution, R(f) ~#'/%. It was
observed that z, was larger for this particular surface, resulting in higher
supersaturations, possibly because of a higher degree of polish. All bubbles
showed this initially very rapid growth, although usually the total growth
in this period was sufficiently small that the extrapolated growth line (Fig. 14)
passes close to the origin.’

The solution of gas bubbles is, in principle, a valuable means of measuring
liquid-phase diffusivities. Mache (M2), Brandstaetter (B23), Liebermann (L6),
and Manley (M3) measured the rate of solution of stationary air bubbles in
partially saturated water. In general, the rate of diffusion at small bubble
diameters is less than expected from theory; the probable explanation seems
to be the accumulation of a film of organic material and/or dust particles at
the bubble surface. Houghton, Ritchie, and Thomson (H8) extended the
method to diffusivity measurements of a number of other gases. Doremus
(DS) and Greene and Gaffney (G6) measured the solution rate of oxygen
bubbles in molten glass.

IV. Surface Boiling
A. SUBCOOLED BOILING

As the bulk temperature of the liquid some distance away from the heating
surface is decreased, the characteristics of the bubbles growing at the surface
undergo a marked change. The bubbles become smaller and of higher fre-

2 This behavior cannot be predicted by the self-similar theory. Indeed, it would be
difficult to construct a physically reasonable nonuniform initial concentration distribution
surrounding an isolated bubble which approximates this behavior, In order to do this, the
supersaturation some distance from the bubble wail would be required to be uniform, but
positive, while a thin layer of liquid at the bubble wall was initially very much more highly
supersaturated. The measurements thus agree with the specific prediction of the uniform
supersaturation theory that the bubble wall velocity decreases as the square root of time;
but it seems quite likely that this is coincidental. In fact, the observed behavior more nearly
coincides with the phenomenological viewpoints advanced by Zuber (Z4), Moore and
Mesler (M7), and others (to be discussed briefly later) that the bubble initially grows within
a thin, highly supersaturated layer, during which period growth is quite rapid. After its
diameter becomes large compared to this layer, its growth slows down, and is controlled
by the advance of the bubble wall into a fresh supply of supersaturated liquid. Throughout
this process the possibility of gas evolution from a microlayer of liquid at the bubble base
may be important. Obviously, these questions can be answered only by further experimental
work. Incidentally, Glas and Westwater (G3) note that the contact angle, determined from
the bubble radius and height, continuously decreases during bubble growth, assuming that
the departure from sphericity was negligible, This decrease in apparent contact angle is not
inconsistent with the notion that the advancing bubble leaves behind a thin tongue of liquid
at the bubble base.
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quency, and eventually cease entirely to detach. Coincidentally, the maximum
heat flux which can be sustained at the wall increases. Gunther and Kreith
(G10) reported a heat flux as high as 5 Btu/(sq in.)(sec) could be transferred
to a pool of distilled water subcooled 145°F below saturation temperature,
and Gunther (G9) reported that this limit could be increased by a factor of
four by forced convection. Such enormous heat transfer rates have led to
applications in cooling of rocket motors and other compact power devices.
In a pool of water subcooled more than 100°F the surface boiling activity
consists of a random distribution of very small vapor bubbles which never
detach from the heating surface, but grow and collapse hemispherically with
lifetimes less than one millisecond. In many respects these isolated hemi-
spherical bubbles represent a simpler phenomenon than the loose, irregularly
defined bubbles arising in saturated boiling. In Fig. 18 typical R(r) curves are
shown for hemispherical bubbles originating on a stainless steel heater strip
in distilled water at a temperature of 98°F. The camera framing rate was
14,000 frames per second, made possible by the use of a Kerr electro-optical
shutter. It is of interest to note that the growth and collapse portions are
nearly mirror images. At small subcoolings the collapse time is several times
greater than the growth time. However, as the subcooling is increased, the
asymmetry decreases and eventually disappears, for all practical purposes.
Another interesting result shown in Fig. 18 is the temperature observed by a
thermocouple traverse in the vicinity of the heating surface. In the two-phase
region the observed temperature is a weighted average of the vapor and liquid
temperatures. The fact that the saturation temperature corresponds to about
half the maximum bubble radius away from the wall indicates that the liquid
surrounding the top of the bubbles is substantially subcooled.

Symmetrical growth and collapse curves of the sort pictured herein are
difficult to obtain by a laminar-flow heat-convection model. This is because
the heat equation is not symmetric with respect to time reversal. On the other
hand, such symmetry is observed in the growth and collapse of cavitation
bubbles, and indeed, is implied by the extended Rayleigh equation (B11):
d*R 3 (dR)2 20 Ap

= Z==5 Ap=pR)-p, 104
7 Talg) t ) p=p(R)—p (104)

R R

If experimental growth and collapse bubble radius data are employed, this
equation can be numerically integrated to obtain Ap, the difference between
the pressure at the bubble wall and in the surroundings, as a function of time
(P3). If Ap can be assumed to be nearly constant, the first integral of this
equation is readily obtained,

(dR)2 20 [R,,,z- Rz] 2Ap [R,,f— R3]

at) = RE | 3, R

x (105)
P
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where the boundary condition R = 0 when R =R,, has been employed. It
will be noted that, in fact, this equation has the desired symmetry, since the
sign of R does not affect the right-hand side. A further integration of this
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equation can be performed numerically, A particularly simple result is ob-
tained if the surface tension term can be neglected, resulting in (L4):

L. }lﬂr(l/z) I(s/6)
R, \6(-3p) ~ TGP

Bankoff and Mikesell (B11)'° showed that this equation could be fairly well
fitted to the bubble data of Gunther (G9) and of Ellion (E2) (Fig. 19), taken
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Fi1G. 19. Bubble growth curves from the data of Gunther (G9) and Ellion (E2) compared
with Rayleigh solution, Eq. (106) (B11).

under highly subcooled boiling conditions. This shows that the pressure
difference between the bubble interior and the surroundings was nonnegligible,
and varied little during the visible lifetime of these bubbles.

Note that at this point no recourse need be made to any theory of energy
transport, since the only equation necessary to describe the motion of the
fluid is the pressure equation. The calculated pressure difference as a function
of subcooling is shown in Fig. 20 from the data of Gunther and Kreith (G10)
at a heat flux of 2.75 Btu/(sq in.)(sec) and a superficial liquid velocity of
10 ft/sec past the heating strip. One interpretation of these results is that the
liquid surrounding the bubble has been given an initial supply of kinetic

10 The reader is warned of several misprints in this reference.
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energy, stemming from rapid vaporization of superheated liquid in the thermal
boundary layer next to the heating surface. Thereafter, a negative pressure
difference tends to slow up bubble growth, and eventually results in collapse.
As might be expected, the initial kinetic energy decreases as the bulk tempera-
ture, and hence the superheat energy of the wall boundary layer, decreases.
This is shown in Fig. 21, based on the same data. Since the pressure within
the bubble is below saturation pressure, a good portion of the bubble wall
must be below the saturation temperature. A nonequilibrium condition there-
fore exists, in which a portion of the bubble wall closest to the heating surface
is at or above the saturation temperature, while other portions are sub-
stantially below this temperature. This implies that appreciable latent heat
transport occurs by simultaneous vaporization from the hotter portions of
the bubble surface and condensation on the colder regions. As pointed out by
Gunther and Kreith (G10), small-scale turbulent diffusion must occur in the
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FiG. 21. Calculated initial bubble kinetic energy vs subcooling (B11).

thermal boundary layer at the upper portion of the bubble in order to maintain
such temperature differences. That this is, in fact, the situation was demon-
strated experimentally by Bankoff and Mason (B9), who measured heat
transfer coefficients from an impinging water jet to bubbles formed by in-
jection of steam through a pinhole in a flat surface. Exceptionally high heat
transfer coefficients were recorded, the maximum being in excess of 3 x 10°
Btu/(hr)(sq ft)(°F). This is probably as high a heat transfer coefficient as one
can find in the engineering literature, and must certainly be related to the
striking efficiency of heat transfer in subcooled nucleate boiling.

B. ZuBER’s MODEL

The relevance of the theories for isolated bubble growth presented above
to the problem of the growth of a bubble at a heating surface remains to be
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established. In the meantime there is room for, and in fact a need for,
phenomenological theories which focus on some hypothesized physical
mechanism. By thus constructing a model for the bubble growth, relatively
simple expressions can often be deduced from which comparisons with experi-
mental data can be made. It is rare that a completely convincing argument can
be made, since usually insufficient experimental evidence is available to verify
that the proposed model actually represents all the physics of the problem;
nevertheless, such theories can be extremely valuable.
Zuber (Z4) writes for the heat balance on the growing bubble

dR T, — T,
iy 'Y | /i A 1
Le dt [ (mat)!/? qb] (107)

where b is a curvature correction factor, and g, , which represents a correction
on the initially uniform temperature field heat flux, is identified with the
steady-state heat flow from the heating surface to the liquid. Note that the
effect of this correction term is to reduce the bubble growth rate compared
to the uniform superheat case (R oc t/2), as noted above. Good agreement
between theory and experiment is shown for three bubbles measured by
Bankoff and Mikesell (B11), from unpublished film taken by Zmola (Z3), of
saturated boiling from a horizontal strip, and also for several bubbles
measured by Fritz and Ende (F9).

For subcooled boiling this equation predicts that the maximum radius
R, is reached when

k AT
(nat,)!? = ——. AT=T,-T, (108)
b

In dimensionless form this yields
RIR, = (t/t,)'[2 = (t]t) '] (109)

where ¢, is the time at which the maximum radius is reached. This growth
expression is shown to agree with Ellion’s data (E2) for subcooled pool
boiling. However, it does not work well for the collapse phase. An explanation
which is advanced is that in the collapse phase inertial terms dominate, so
that the extended Rayleigh equation, Eq. (104), is appropriate. The physical
justification is not clear, since the growth time for vapor bubbles from a
heating surface is always less than or equal to the collapse time. The maximum
bubble diameter is given by

AT cpp
Lp’

Dw _ 110
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where the thickness of the superheated liquid film is given by

kAT
This is an energy balance stating that the enthalpy of the superheated liquid
film contributes, in some constant proportion, to the formation of a bubble
which grows on the surface. The similarity to the discussions in the two
preceding sections may be noted.

C. FoORrSTER’S MODEL

Forster (F6) solves the same problem by a different approximate method.
The temperature profile through the thermal boundary layer next to the heat-
ing surface is taken to be exponential. The rather strong assumption is then
made that the heat flux through a surface element of the bubble can be
equated to the one-dimensional heat flow through the surface of a semi-
infinite strip initially at a uniform temperature equal to the local temperature
of the thermal boundary layer of the wall before bubble growth began. This
ignores the steep initial temperature gradients. Introducing this simplification
into the integral heat balance equation for the bubble growth one finds that,
for the early asymptotic stage, R(f) oc t'/2, while after the bubble has grown
large compared to the thermal boundary layer, R(¢) oc t'/4, Qualitatively, this
trend is in the direction exhibited by the numerical and analytical solutions
(G7, S2, 812).

V. Miscellaneous Topics

A number of other topics, while highly germane to the general subject of
bubble dynamics, are peripheral from the point of view of this review, and
hence will be dealt with briefly below. Sufficient references are given in each
case to enable the interested reader to pursue the subject further.

A. NUCLEATION

In theory it is possible to nucleate bubbles either in the bulk phase or at
solid surfaces as a result of statistical density fluctuations. In practice, the
theoretical and measured fracture pressures of pure liquids are far in excess
of those corresponding to the superheats or supersaturations for vapor or
gas bubble nucleation experimentally observed in engineering systems (F2,
F7, K1). On the other hand, conditions for homogeneous nucleation become
favorable at extremely high superheats in the presence of ionizing radiation
(G4, GS5). The latter observation led to the introduction of the liquid-hydrogen
bubble chamber. A simple explanation of this phenomenon is that the
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electrical charges on the bubble surface repel each other, effectively reducing the
surface tension. Also, high-energy particles, such as fission fragments, by
vaporizing a minute volume of liquid, can induce nucleation under favorable
circumstances (H5, N2, S5). More generally, however, the tensile stress at
which nucleation is observed is of the order of 1-5 atm, which is far below the
theoretical limits of 102-10% atm. The reduction of this threshold level due to
the presence of microscopic roughness elements in the container walls can be
shown to be at most by a factor of two or so (B2), so that this possibility can
also be ruled out. This means that nucleation in almost all systems of practical
importance begins with pre-existing gas or vapor phase, usually trapped in
microscopic cavities in the container walls or dust particles. Some theoretical
conditions for microscopic grooves or cavities to be effective vapor traps
have been deduced (BI, B3, B4), which are essentially of a geometrical
nature, depending upon the liquid contact angle, and assuming quasi-static
conditions. These give necessary, but not sufficient, conditions for nucleation.
A dynamic theory for penetration of liquid into a potential nucleation site
remains largely to be developed, although some preliminary work is available
(B4). It has been shown that the superheat required to initiate boiling de-
creases with increasing surface roughness (C5), but the quantitative confirma-
tion of theoretical superheats on the basis of measured surface properties is
complicated by the difficulty in obtaining reproducible boiling from particular
sites (B13). For this reason some attention has been paid to nucleation from
artificial sites (G8, N1, W1). Statistical measurements have also been made
of nucleation site densities (C3, G1, G2). Boiling from a liquid-liquid interface
has been examined by Viskanta and Lottes (V4) and Otterman (O1), but the
results are clouded by the difficulty in obtaining a dust-free interface. By
assuming that the nucleation proceeds when the thermal boundary layer
thickness at the heating surface reaches some critical fraction of the nucleus
radius, the waiting time between bubbles can be calculated (H2, H10). There
seems to be considerable evidence of the effects of diffusion of permanent gas
into or out of the nucleation cavities, resulting in *“‘aging” of a heating
surface in the first few hours of boiling (B13)!!, and the strong influence of

11 There also appears to be a hysteresis, or time-lag effect, in cycling a heating surface
around the nucleation temperature. Presumably this is due to some irreversibility in
quenching of formerly active sites. This effect has generally not been taken into account in
considering the effect of motion of boiling boundary in the response of boiling channels
with subcooled inlet flows to power or flow oscillations. The delayed vaporization resulting
from this effect is, in fact, probably the explanation for the sharp “ bumping* at times ob-
served in these systems. A dramatic illustration was reported by Zivi et al. (Z2), who found
that the details of the internal channel construction had a marked effect on the smoothness
of the exit void-fraction response to power modulation. A smooth welded channel had
a considerably more peaked response than a soldered channel, inaccordance with the observ-
ation that the solder contained numerous microscopic re-entrant cavities.
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prepressurization or of prolonged immersion in promoting resistance to
inception of cavitation (H3).

The prediction of the inception of cavitation is, of course, closely related
to nucleation theory, but has generally been studied experimentally by model-
ing with reference to the hydrodynamic flow field (E1, L7, S15). The usual
criterion is the Prandtl cavitation number (M6),

N =22 P (112)
sou,
which normalizes the critical underpressure at the surface with respect to
the dynamic pressure of the free stream. Probably a more successful criterion
would be the ratio of the critical underpressure to a characteristic capillary
pressure, determined by the surface roughness distribution.

B. RarID HEATING

- A situation of considerable practical concern is the growth of bubbles
under rapid heating, such as occurs in fast power excursions in liquid-cooled
nuclear reactors. Zwick (Z5) has considered bubble growth in liquids contain-
ing strong volume heat sources, by an extension of the perturbation analysis
discussed above. It is assumed that the temperature far from the bubble
increases linearly: 7, = T + bt, where ¢t = 0 corresponds to the instant when
the surroundings reach the saturation temperature. The asymptotic phase is
extrapolated backwards to zero initial radius, so that R(0) = 0. An implicit
integral equation for R(#) is then obtained, which is manipulated to give
“early” and ‘““late” asymptotic solutions:

3a(t — t,)\ V2
2(_1(___“’_)) Ny, t—t,

14

~ at3 1/2 (113)
6CbNJ (77;) N t— 0

where ¢, is a waiting time estimated from the early phase analysis, and
c=1-—(3/D[1 —(1/3)B(3/2, 1/3)] =0.932. Although the bubble begins to
grow as the square root of time, it eventually increases as 732, A similar result
was obtained by Bankoff (BS) in an analysis of bubble dynamics from an
exponentially heated plate.

Vapor formation rates in rapidly heated systems have been measured by
Faneuff, McLean, and Scherrer (F1) and Cole (C4) for wires in a stationary
liquid pool, and by Johnson et al. (J1, J2, T1) for a metal ribbon suspended in
a channel flow. Void growth rates in a volume-heated boiling system were
studied by Lipkis, Liu, and Zuber (L8). In practice the total vapor volume
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depends upon the number of bubbles per cubic centimeter which begin to
grow in every small time interval, which in turn depends upon a generally
unknown nucleus distribution density function. Zwick (Z5) shows how one
can infer this distribution function from measurements of the rate of vapor
production in volume boiling through the application of linear transform
theory.

C. MICROLAYER VAPORIZATION

In 1936 Derjagin (D4) demonstrated the existence of thin liquid films at
the base of bubbles attached to a solid surface, which was attributed to the
variation of free interfacial energy of very thin films with their thickness. For
stationary bubbles these films were of the order of 10™° c¢m thick. Bankoff
(B12) called attention to the possibility of the existence of such films at the
base of vapor bubbles in nucleate boiling, pointing out that such films would
very rapidly evaporate. Moore and Mesler (M7), however, were the first to
provide solid experimental confirmation that such microlayers do exist, by
measuring the temperature depression of the solid surface directly beneath
a number of growing bubbles. The thickness of the liquid film that had to
evaporate in order to account for the observed temperature drop was com-
puted to be of the order of 2 x 10™* cm thick. This is of the right order of
magnitude, considering the fact that films formed under dynamic conditions
would be expected to be thicker than those existing under stationary bubbles.
Similar measurements have been made by Hendricks and Sharp (H4).

D. OTHER BUBBLE PROPERTIES

A number of other aspects of bubble behavior have received attention.
Bubble growth under normal and reduced gravity conditions have been
studied by Siegel and co-workers (K2, S9, §10, Ul), and by Merte and Clark
(M5) in an accelerating system. Bubble behavior in oscillating pressure fields
has been analyzed by Houghton (H7) and Plesset and Hsieh (PS5, H9). Plesset
(P4), in a general review, discusses the stability of collapsing bubbles. Other
characteristics of bubbles emanating at heating surfaces, such as mean bubble
frequencies, break-off diameters, coalescence frequencies, and nucleation site
densities, have been measured in various laboratories (B15, B16, K3, L1, L2,
L3, M4, P2, S6, S7, S8). The effect of varying the surface tension in boiling
heat transfer has been studied, among others by Myers and co-workers
(K6, R2). Bubble parameters in the neighborhood of the critical heat flux
have been studied by Cole (C4). Ruckenstein (R3), Chao (C1), and Zavoiskii
(Z1) have studied bubble growth when the bubble center is translating with
respect to the fluid.
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VI. Concluding Remarks

It is apparent from the preceding survey that, although much has been
accomplished in this field, much remains to be done. The theory of isolated
bubble growth in a liquid of arbitrary initial temperature and/or concentra-
tion distribution is now fairly well established, providing that the boundary
layer volume is smaller than the bubble volume. Further research needs to
be done on the matching of the quasi-stationary and the thin boundary
layer solutions. The theory has to date focused on spherical or hemispherical
bubbles, but more frequently bubbles in the shape of ellipsoids or spherical
segments are observed growing on surfaces. A solution for these cases, based
upon either ellipsoidal or bipolar coordinates, would be helpful. Horvay and
Cahn (H6), employing a procedure due to Ivantsov (I1), showed that exact
self-similar solutions exhibiting a square root of time dependency exist for a
variety of shapes, including paraboloids and ellipsoids, providing that the
quasi-stationary assumption is valid. A theoretical examination of the effect
of heat transfer from the solid surface after the bubble has entered the
asymptotic stage is also needed. Numerical solutions of the problem of two
bubbles growing at a surface simultaneously would be helpful in understand-
ing bubble interaction. An interesting and difficult numerical free-boundary
problem is the computation of the velocity and temperature fields, and the
bubble shape and position, during one complete cycle of bubble growth and
departure.

The important advances, however, will be made in the experimental area.
Thermocouples and hot wire anemometers of truly small dimensions and of
time constants of the order of one microsecond are now becoming com-
mercially available. In order to make a convincing comparison with theory it
is necessary to have reasonably accurate measurements of the temperature
and velocity fields surrounding the bubbles. Instantaneous as well as time-
mean values are of interest. Steps have been taken in this direction in measur-
ing the temperature depression in the solid underneath the bubble (H4, M7,
R1). These measurements are quire difficult to make, and a good deal of
deductive reasoning has to be employed in any case. It is important, when
comparing radius-time curves for bubbles originating on a heating surface
with theoretical predictions, that an attempt be made to determine the
approximate thermal boundary layer thickness on the heating surface from
the data. If, a priori, it is assumed that the bubble is initially in a uniform
superheat field, much information is lost that could be obtained by finding
the assumed nonuniform temperature field which gives the best fit to the data.

Much remains to be done experimentally and theoretically in other
aspects of bubble behavior at solid surfaces, such as nucleation, coalescence,
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departure, and interaction. These are not simple problems and they promise

to tax the ingenuity of investigators for some time.
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